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I. INTRODUCTION 

An information entropy, also called Shannon informa- 
tion entropy, is defined as Sr = — J n{r)hin{r)dr in 
position space and Sk = — / n(k) In n(k)dk in momen- 
tum space. Here, n{r) — \-ip{r)\'^ is the density in po- 
sition space and n(k) = |?/'(k)p is the density in mo- 
mentum space. These two entropies play an important 
role to provide an alternative and stronger version of the 
Heisenberg uncertainty relations. The entropy-based un- 
certainty relations were first conjectured by Hirschman 
[l[ and proved by Bialynicki-Birula and Myceilski and 
independently by Beckner [2]. It was proved that sum 
of these two entropies of a single particle obeys the en- 
tropic uncertainty relation: St = Sr + Sk > D(l + Iutt), 
where D is the dimension of the given system. The above 
equation is known as Beckner, Bialynicki-Birula and My- 
cielski (BBM) inequality in the literature. For N num- 
ber of particles in the system, the above inequality be- 
comes St > N[D{1 + Iutt) - 21nA^]. Here, the total 
entropy St is negative for large N because of the fact 
that the density n(r) is normalized to N. If the density 
is normalized to unity, then the total entropy becomes 
St > [D{1 + \mr) + 2\nN]. Ahhough Sr and 5*^ are 
individually unbounded but their sum is bounded from 
below. Therefore, the total information entropy (TIE) 
can not be decreased beyond a limit as given by the in- 
equality. The above inequality captures the physical fact 
that a highly localized probability distribution n(r) in 
real space is associated with a delocalized probability dis- 
tribution n(k) in momentum space and vice versa. The 
TIE is saturated to the lower bound of the BBM inequal- 



ity when the reciprocity between position and momen- 
tum spaces does not hold. Quantum harmonic oscillator 
(QHO) is one such example where the density in real and 
momentum spaces has the same Gaussian shape. In fact, 
it has been shown in Refs. [3, [Ij that the TIE of the 
ground state of a QHO is saturated to the lower bound 
of the BBM inequality: St = D{1 + \mr). It is also in- 
teresting to mention that the TIE is invariant under the 
scale transformations 's'l . The net information content in 
St does not modify even if we alter the wave function by 
uniform stretching or compression. 

The position and momentum space entropies have been 
calculated analytically for few quantum mechanical sys- 
tems. The position and momentum space entropies of 
a simple harmonic oscillator in the ground state were 
exactly calculated 4]. The information entropies have 
been calculated for D dimensional harmonic oscillator 
and Coulomb problems |5)]. In Ref. Q, the entropic 
uncertainty relations of a particle in an infinite poten- 
tial well have been analyzed. Gadre computed St for 
three-dimensional (3D) uniform neutral many-electron 
atomic systems within the Thomas-Fermi (TF) approx- 
imation. The TIE of 3D uniform spin-polarized ideal 
Fermi systems has been studied [8] analytically. In all 
these cases, the TIE is obeys the BBM inequality. In- 
formation entropies in various fields, e.g. mathematical 
physics, nuclear physics, chemical physics, information 
theory and other areas of physics have been extensively 
studied in recent past [9l-[l5l|. 

There is a continuous interest on various aspects of 
the ultra-cold alkali atomic gases confined in a harmonic 
trap. It would be interesting to test whether the TF 
density profile, which is being used to describe the ultra- 
cold alkali atomic gases successfully, obey the BBM in- 
equality or not. To the best of our knowledge, there 
has not been any study on the information entropies of 
these quantum systems. The present article is devoted 
to the study of the information entropies of weakly inter- 
acting trapped atomic Bose-Einstein condensates (BEG) 
and spin-polarized trapped atomic Fermi gases at abso- 
lute zero temperature. We find that sum of the position 
and momentum space entropies has a universal form as 
S^^°^ = N{aD - 61niV) for D-dimensional bosonic sys- 
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terns as well as for the fermionic systems. For interacting 
bosonic systems, we find that a ~ 2.332 and b — 2 and for 
spin-polarized fermionic systems, a ~ 1.982 and 5=1. 
Our results are consistent with the entropic uncertainty 
relation given by BBM ^ . 

This paper is organized as follows. In Section II, we 
evaluate the position and momentum space information 
entropies for weakly interacting trapped atomic BEG in 
one, two and three dimensions. In Section III, we cal- 
culate the position and momentum space entropies for 
spin-polarized fermions in a harmonic trap in one, two 
and three dimensions. We present a summary of our 
work in Section IV. 



II. INFORMATION ENTROPIES OF ATOMIC 
BECS 

We first consider a Bose-Einstein condensate contains 
N number of alkali atoms confined i n a harmonic trap 
V{r) at absolute zero temperature 116]. This atomic 
system is described by the well known Gross-Pitaevskii 
equation: 



3D Isotropic BEC: Let us first consider a 3D BEG con- 
fined in an isotropic harmonic potential {ujp = ui^ = wo) 
at very low temperature. The two-body interaction 
strength is given hy g = Airash^ /m and the chemical 
potential is related to the radial size of the condensate 
Ro as n = = {hujo/2){l5Na,/ao)^/^. Here, 

flo — y^h/{mLUo) is the harmonic oscillator length. The 
TF density profile in the real space is given by n{r) = 
(l/a|])(15iV/87r)2/5(ao/a,)3/5(l - P), where r = r/Ro is 
the dimensionless variable. Using the definition of the 
information entropy in the position space, we get 



S"?) = N 0.680 - In 



15iV 
87ri?3 



(3) 



The 3D density profile in the momentum space is given by 
[H] n{k) = 4{15N/16){15Nas/aof/'^iJ2ik)/kY where 
Jn{y) is the n-th order Bessel function and k = kRo. 

Using the definition of the momentum space entropy, 
after lengthy but straightforward calculation, we obtain 



(3) 



A. ( 5.829 -m^^^^" 



;j2 The detail calculations of Si- and S).''' are given in the 

— V^-0(r) -I- t/(r)V'(r) + .g|V'(r)PV(i") = W^i"), (1) Appendix A. The sum of these two entropies is given by 
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:(3) 



(4) 



where m is the mass of the alkali atom, /i is the chemi- 
cal potential determined through the normalization con- 
dition J n{r)dr — N and g is the interaction strength 
characterized by the two-body scattering length Og. Also, 
'(/'(r) = \/n(r)e"^*^'"^ is the condensate wave function writ- 
ten in terms of the density n{r) and the phase (j){r). For 
typical experimental parameters, the kinetic energy is 
very very small compared to the two-body interaction 
energy and therefore the kinetic energy can be neglected 
safely. This approximation is known as the TF approx- 
Within the TF approximation, the den- 



ts'^ — ^ — t- 



(3) 



Ar(7.090- 21niV). 



(5) 
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sity profile of the interacting atomic BEGs in a har- 
monic trap V{r) = {m/2){u}pp'^ + uj^z^) is given by 
n(r) = {fJ. — V{r))/g, where Up and ojz are the radial and 
axial oscillator frequencies. The low-dimensional BEGs 
can be obtained by changing the trapping frequencies. 
The low dimensional BEGs have also been observed ex- 
perimentally [l^ and studied theoretically [l^, [2l| . 

The density profile in momentum space can be ob- 
tained from the Fourier transformation of ^y n{r) as given 
by M 



Quasi-2D BEC: Now we consider a quasi-2D BEG 
of atomic gases. A quasi-2D BEG is obtained when 
the harmonic confinement along a particular direction 
is strong compared to the other directions i.e. lUz 3> ujp. 
In this low dimensional system, the effective interaction 
strength becomes g2 = 2\/2TThujzazas and the chemi- 
cal potential is ^2 = — TT'OJp\J 2-\/27r A^a^/a^ 

[21I [2^ . Here, — yJhjmijJz is the oscillator length 
and Rp is the transverse size of the bosonic system. 
The TF density profile in quasi-2D bosonic system 
is given by n{p) = (l/a^) ViVaJ((2^)3/2a,)(l - 
where p ~ p/Rp- The density profile in the momen- 
tum space is calculated and it is given by n{kp) — 

where kp — kpRp. 



l3/2 



.py^W/nmas/az [J3/2{kp)/kt^ 

Similar to the calculation of 3D system, we calculate 
the position space and the momentum space entropies 
and these are given by, respectively. 



n(k) = |V.(k)|^ 



(2^) 



D 



(2) 



and 



One can calculate the total information entropy by us- 
ing the probability distribution in the real space as well 
as in the momentum space. Now we consider one, two 
and three dimensions separately and calculate the po- 
sition and momentum space entropies for bosonic and 
fermionic systems. 



SlfJ ~ N {3.750 -In NR^.) 
Therefore, we obtain the TIE is 

S^'^^ ~ iV(4.701 - 2 In TV). 



(6) 



(7) 



(8) 
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Quasi-ID BEG: Here, 
which is achieved when 



we consider quasi-lD BEC 
ujp 3> LOz. In the quasi- ID 



system, the effective interaction strength becomes gi = 
2hujpas and the chemical potential is /ii = mw^i?^/2 — 
{nuj,j2){mas/apfl^ [m, H. Here, is the axial 
size of the bosonic system. The TF density profile is 
given by n{z) = {1/ az)[^N'^ap/ {ioAas)Y/^{l - S^), where 
z = z/Rz- We calculate the corresponding density pro- 
file in the momentum space, which is given by n{kz) — 

a3(3iV^3„,/(512ap))i/3(Ji(fc,)/fc,)2, where fc, = ^2/^2)3/2^ ^^^^'^ ^ ^^'(^ 



where Q{x) is the unit step function. 

Fermions trapped in a 3D isotropic harmonic potential: 
We first consider N number of spin-polarized fermions 
confined by the isotropic harmonic potential V{r) = 
mijjQr'^/2. For this system, the Fermi energy is Ep = 
mujlRjp/2 ~ {6Ny^^hujo, where Rp is the Fermi ra- 
dius. The semi-classical density profile is [26j n{r) — 

)^/^. The density profile in 



(l/a3)V4A^/(37r4)(l-rVi?| 
the momentum space is '^6^ n{k) 



Similar to the calculations for 3D and 2D systems, the 
position space and momentum space entropies are given 
by, respectively. 



a3^47V/(3^4)(i _ 
0) is the characteristic 



Si^^ =iV 0.568 -In 



and 



N 

Tz 



Si^^ N {1.764: -In NRz 



The TIE for quasi-lD BEC system is 
S^t^'^ ~ A^(2.332- 21n7V). 



(9) 
(10) 
(11) 



Discussion: It is interesting to note that the individ- 
ual entropies, Sr and S'fc, in three different dimensions 
explicitly depend on the harmonic confinement and the 
two-body interaction strength. However, the total en- 
tropies do not explicitly depend on the harmonic con- 
finement and the interaction strength. 

The total information entropies of weakly interacting 
atomic BECs in all the three dimensions can be written 
in a compact form as 



(D) 



N{2.3S2D~2\nN). 



(12) 



Our result obeys entropic uncertainty relation given by 
BBM [2j and Gadre Q. 



III. INFORMATION ENTROPIES OF ATOMIC 
FERMIONS 

The fermionic alkali atoms have been cooled to tem- 
peratures far below the Fermi temperature and therefore 
the systems reach in the degenerate regime [l^ . The re- 
view of the degenerate fermionic gases can be found in 
the Refs. ^6|, i25i]. Here, we consider N spin-polarized 
fermions confined in a harmonic potential V{r) at T = 
temperature. Due to the inhomogeneity of the system, 
the local Fermi wave vector kp{r) is given by (26| 



h^kpir)^ 
2m 



V{r) = Ep. 



(13) 



The semi-classical momentum distribution is given by 



n(k) 



(2 



1^ J d^re{kp{r)-\k\\ 



(14) 



Fermi wave vector which is determined by the momen- 
tum of a free particle of energy Ep as hKp = \/2raEp. 
The detail calculation of n(fc) is given in the Appendix 
B. 

We calculate the position and momentum space en- 
tropies, which are given, respectively, by 



and 



5f ^ = iV 



l(61n4-5)-ln-^ 



(61n4-5) -In^ 



(15) 



(16) 



The total information entropy in a 3D fermionic system 
is 



Sf^ = iV(5.950- InTV). 



(17) 



Fermions trapped in a 2D harmonic potential: For 
spin-polarized fermions in a 2D harmonic trap, the Fermi 
energy is Ep = mujlRj,j2 = V2Nhu;p The semi- 

classical density profile is n{p) — {l/a'^)y^N/ {2tt'^){1 — 
p^/Rp-i). We evaluate the corresponding density pro- 
file in the momentum space which is given by n{kp) — 
al^J N / {2it'^){1 - kl/Kj. ). Similar to the above calcula- 
tion for 3D fermionic system, the position space and the 
momentum space entropies are given, respectively, by 



and 



5f ^iV 



1 , 2N 

2-1"^ 



1 i?| 
- - In — 

2 47r 



(18) 



(19) 



Therefore, the total information entropy in a 2D 
fermionic system is 



= iV(3.982 - 



In TV). 



(20) 



Fermions trapped in a ID harmonic potential: For ID 
fermionic system, the Fermi energy is Ep = muj'^R^p /2 = 
Nhojz- The semi-classical density profile is n{z) ~ 
{\/az)y/2Nj^{\ - zVi?|,Ji/2_ rpj^g corresponding den- 
sity profile in the momentum space is evaluated and it is 
given by n{kz) = az^2Nj^{l - kl/K^ )V2. 
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Similar to the above calculations for 3D and 2D 
fermionic systems, the position space and the momen- 
tum space entropies are given, respectively, by 



^(1) = N 



l(ln4-l)-ln^ 



and 



(1) 



N 



-(ln4- 1) - In 



(21) 



(22) 



Therefore, the TIE in a ID fermion system is given by 



Sl^' = A^(1.982- InTV). 



(23) 



Discussions: Similar to the bosonic systems, the indi- 
vidual entropies, 5*^ and 5'fc, in the three different dimen- 
sions depend on the harmonic confinement but the TIEs 
do not. The total information entropy of A'^ fermions 
in a _D-dimensional harmonic trap can be written in a 
compact form as 



(D) 



N{1.982D~lnN). 



(24) 



The TIE of harmonically trapped spin-polarized 
fermionic atoms is larger than that of a harmonically 
trapped ideal bosonic atoms. The enhancement of the 
TIE of fermionic atoms compared to the bosonic atoms 
is due to the effect of the Pauli exclusion principle. 

We have also calculated the TIE of Fermi systems con- 
fined in a harmonic trap exactly by using the harmonic 
oscillator wave functions in one, two and three dimen- 
sions. The exact results match very well with the semi- 
classical results for large number of atoms as expected. 

The TIE of a 3D_uniform non-interacting Fermi system 
has been studied 8]. We find that the TIE of a 3D non- 
interacting Fermi system confined in a harmonic trap is 
larger than that of a uniform non-interacting Fermi sys- 
tem. The increase in the information entropy is due to 
the effect of the harmonic confinement. 



IV. SUMMARY 

We have calculated the position and momentum space 
information entropies of weakly interacting alkali atomic 
BECs confined by quasi-lD, quasi-2L) and 3D harmonic 
trap. We have shown that the TIE of BEC in different 
dimensions does not explicitly depend on the two-body 
interaction strength and the harmonic confinement. The 
two-body interaction and the non-uniformity of the sys- 
tems increase the TIE. We have also calculated the TIE 
of spin-polarized fermions confined by harmonic trap at 
zero temperature. Similar to the Bose systems, the TIE 
of fermions does not explicitly depend on the harmonic 
confinement. The effect of the Pauli exclusion principle 
is also reflected in the TIE of fermionic systems. 

We found a similar universal form of the TIE as found 
by BBM and Gadre The universal form is S'P^ = 



N{aD—blnN) for the bosonic system as well as fermionic 
system in a D-dimensional harmonic trap at T = 0. We 
found that a ~ 2.332 and = 2 for interacting bosons 
and for ideal fermionic system, a ~ 1.982 and 6 = 1. 
Therefore, the total information entropies of the ultra- 
cold atomic gases described by the TF density profiles 
obey the BBM inequality 



Appendix A 

Here, we provide detail calculations of Sr and S^. 
for 3D bosonic system. The calculation of information 
entropies in lower dimensions and of fermionic systems 
will follow the same method. The position space entropy 
is given by 



9(3) 



(firn{r) In n(r), 



(Al) 



where n(r) = {fi-V{r))/g = {fi/ g){l - P"^) is the 3D TF 
density profile. Substituting the TF density profile into 
the Eq. (Kl\ . we get 



C(3) 



9 



9 

A-K^Rl 
9 

infiR^ 
9 

S-K^iRl 
15g~ 



f=o 9 
1 

In- / <iff2(l-f2) 
9 Jo 



[ dff2(l 
Jo 



7~^)ln(l-P) 



In - - 0.680 

9 



(A2) 



Using the expressions for jjb and Rq of a 3D bosonic 
system given in the Section II, one can easily show that 

S Stt ■ 



Hence, 



Si^^ = N 0.680 - In 



157V 
87ri?g 



(A3) 



Using the expression for the momentum distribution 
n(k) |18j . the momentum space entropy in 3D is calcu- 
lated as given below. 



;.(3) 



(fkn{k) Inn(fc) 



15ttN , 15iVi?3 
■ in 



4 

157riV 
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J2(k) 


Jo 







J2{k) 


2 

In 




'0 






fc2 



• (A4) 



The standard result [27l| of the first integral on the right 



5 



hand side of the above equation is 

2 



dkk^ 







fc2 



4 

lOTT 



We calculate the second integral numerically. Note that 
J2{x)lx'^ does not vanish as x approaches to zero since 
J^{x) = xV8 - a;V96 + .... Therefore, \n\J2{x) / x^\^ 
is finite at a; = 0. The numerical result of the second 
integral is 



dkk' 



■hik) 



fc2 



In 



J2{k) 



k^ 



-0.494. 



Therefore, 



(3) 



A.(5.829-lni^ 
16 



(A6) 



(A7) 



Appendix B 

The semiclassical momentum space distribution for a 
harmonically trapped Fermi gas in 3D at T = [IBl is 



n{k) 



1 



(27r)3 



d^reikpir) - |k|) 



Changing variable from r to kpir). At r = 0, kp{r = 

0) ^ Kp ^ \j2mEplh'^ and at r = Rp, kp{r = Rp) = 
0. Also, 



r'^dr = -a^^JXp - kj-kpdkp. (B2) 

Therefore, 

"(^") = f° Qikp{r) - \k\)J Kp - klkpdkp 



^6 i-fc 



= Q{kp{r) - \\<i\)^Kp-klkpdkt 

- ^ j\{kp{r)-\k\)^Kp~klkpdkp 



= ^Kp-klkpdkp 

U2 \ 3/2 



3 ( k 



(B3) 



Here, k = |k| is the magnitude of the wavevector k. 
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